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Abstract-A numerical study of the isothermal quantum Euler-Poisson model for potentih flow 
is presented. The stationary model consists of nonlinear elliptic equations of degenerate type with 
quadratic growth ln the gradient. The equations are decoupled in a Gummel-type manner and 
convergence of this scheme is proven for small applied voltages. Numerical simulations of a resonant 
tunneling structure are presented and the zero relaxation time limit is performed numerically. @ 2003 
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1. INTRODUCTION 
During the last decade, macroscopic quantum models gained considerable attention in the field of 
mum-scale semiconductor simulations. They have the capability to resolve the behaviour of the 
charged quantum fluid in the device at low computational costs. Their main advantage comes 
from the fact that they deal with fluid-type unknowns which allows for a natural interpretation 
of the prescribed boundary data. 
The model equations can be derived by a moment expansion of the Wigner-Boltzmann-Poisson 
system [l]. Depending on the number of moments considered, there exists a whole hierarchy 
of macroscopic quantum models leading from the quantum hydrodynamic model (QHD) over 
quantum energy transport to the quantum drift diifusion model (QDD) [2,3]. 
In this paper, we study the potential flow formulation of the stationary isothermal QHD in a 
bounded domain 0 c Wd (d > l), which reads in its scaled form 
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Here, the unknowns are the electron density n, the current density J, and the electrostatic 
potential V. The parameters are the scaled Planck constant E, the scaled Debye length X, and 
the scaled relaxation time T. The density of charged background ions is denoted by C. 
Assuming potential flow, i.e., J = n VF, with the quantum quasi-Fermi level F, equation (1.1) 
can be written as a quantum Euler-Poisson system (QEP) 
div(n VF) = 0, (1.2a) 
--E 
2AJ; 7 + log(n) + V = -F - G IvF12, 
-X2AV = n - C. (1.2c) 
System (1.2) is supplemented with the following set of boundary data: 
n = n,,-,, F = Fq + U, V = V,, - U, on ati, 
where (n,,, Feq, V,,) denotes the thermal equilibrium solution and U the applied bias voltage. As 
Jeq = 0 we can assume Feq = 0. For a detailed discussion of boundary conditions for the QHD, 
see [4]. 
System (1.2) was analytically investigated in [5]. Numerical simulations of the third-order 
system (1 .l) can be found in [6], and moreover, in [1,7] for the full QHD, where an additional 
equation for the temperature is considered. 
In this paper, we prove convergence of a Gummel-type iteration for the solution of (1.2) in the 
case of small applied bias voltages. We employ this method for the computation of the stationary 
current voltage characteristics (IVC) of a resonant tunneling structure. Further, we investigate 
the influence of the relaxation time on the IVC and present results showing that the IVCs for 
decreasing relaxation times converge numerically to the one of the QDD (where T = 0). 
The paper is organized as follows. In Section 2, we prove convergence of the Gummel-type 
iteration while Section 3 is devoted to the numerical results. 
2. CONVERGENCE OF A GUMMEL-TYPE ITERATION 
In this section, we introduce a Gummel-type iteration for the solution of (1.2), which decouples 
the equation ln an appropriate way. Further, we prove convergence of this scheme. For the 
subsequent investigations we impose the following assumptions. 
(A.l) Let R c Rd, d 1 1, be a bounded domain with boundary as2 E C1vl. 
(A.2) For all 6 E (0,l) there exists a constant K = K(R, 0) > 0 such that for all a E Co(Q): 
if 8 < a 5 l/0, then there exists for all uo E W2*P(fl) and all f E U’(Q) a function 
u E W21P(fl) with 
div(aVu) = f, ?I, - UD E H,‘(R), 
where we choose p > d such that the embedding W2tP(il) -+ W1+(Ct) holds (see, e.g., [8]). 
(A.3) The boundary data fulfills neqr V,, E H1(R) n Lm(SZ) and U E W2*P(s2). 
For M > 0 we define the set 
which is closed in the topology of H’(n). 
To solve iteratively (1.2), we propose the following Gummel-type iteration. Starting with 
FO E FM, we define the fixed-point mapping T : 3~ + 3~ by the following. 
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ALGORITHM 2.1. 
(1) Solve 
--E 2w5 --&- + log(n) + v = -Fc - f ]VF,]2, 
-X2AV = n - C, 
for (nl,Vl) E (neqr Kq - U) + [f4#q2. 
(2) Solve 
div(ni VF) = 0, 
for Fl E U + (W2*P(Ci) n H,$)). 
(2Sb) 
(2.2) 
It readily follows from (A.2) and [2, Theorem 261 that system (2.1) possesses a unique solution 
(nl, h) E f+) n L”(Q, and mimicking the proof of Theorem 2.1 in [5] there exists a uniform 
positive constant 24 = n(M) such that IL 5 ni as long as M is small enough, since ]VFl2 is 
uniformly bounded in L”(R). The unique solvability of (2.2) is immediate in view of (A.2). 
Note that the maximum principle yields the bounds infan U 5 Fl 5 supso U and from (A.2) we 
get IIfillw~~-cn) - < wf4 Ml Ml WQ(sa) 5 A4 for Il~llw~~qn) small enough. Hence, in this case 
the fixed-point mapping T : 3~ + 3~ is well defined. 
Furthermore, we have the following result. 
THEOREM 2.2. Assume (A.l)-(A.3). Then there exist constants M, U,, 1 0 such that 
implies the following. 
IlUll W%P(Q I uo 
(a) There exists a unique solution (n, F, V) of (1.2). 
(b) The mapping T : (31~, II.IIHICnj) --t (3~4, ll.IIH1(nj) is a contraction. 
(c) The sequence (nk, F”, Vk)&N defined by Algorithm 2.1 converges to (n, F, V) strongly in 
La(R) x H’(n) x @(a), where I-I’(Q) Y Ls(sl). 
PROOF. We prove (b) from which (a) and (c) easily follow. Let Fol, FOZ E 3~ and let (ni, Vi), 
i = 1,2, be the unique solution of 
24% 
-& yzy- + log(ni) + v = -Foi - G Woi12, 
-X2Aq = ni - C. 
Taking the difference and testing the first equation with ni - n2 yields 
()= -E2 SC A&i A@i - - - nfi 6 > (nl - nz) dx + J n (log(n1) - log(n2)) (nl - nz) dx 
+ J n(K - VZ)(W - n2) dx + n(F~~ - Foz)(nl - 7x2) dx J 72 +T i (IvFol12 - IVFo212) (nl - n2) dx = II + I2 + 13 + I4 + IS. 
, 
We estimate term wise. Prom [2, Lemma 241 we learn that there exists a constant cl = 
ci(n,z, s) > 0 such that 
11 L ~1 E2 IIn1 - nall& , 
where H1 (a) Q LB(R). The monotonicity of the logarithm implies 12 > 0 and from Poisson’s 
equation we derive 
Is = x2 J ]V(Vl - V2)12 dx 2 0. s-l
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Employing Holder’s inequality, we get 
Combining these estimates, we arrive at 
Cl E2 IIn1 - 7JZllpp) 5 c2 IIF - Fo2llH’(n) 
for some positive constant c2 = cs(@ M, 7). 
Let now Fi, i = 1,2, be the solution of 
div(ni VFi) = 0. 
We easily deduce 
llF1 - F211H1(nj 5~3 IlWII,-(,) lb1 - ~2ll~ys-z) 
for c3 = c~(s~,TJ) > 0, and from (A.2) we get llVF2llpc~, I K Il~llwz,p(q 5 KUO. 
Combining these estimates, we finally have 
(2.3) 
IlJi - F2llw(n) - < ~3 K Uo llm - n211L2cRj 
I ~4 Uo llFo1 - Fo211H;chl) , 
where c4 = cd(s1, M, T, E) > 0. Now, the assertion follows by choosing Ue small enough. 
Since T : Pk, ll.IIH~& -, FM, II&I(~)) is a contraction, we can apply Banach’s fixed-point 
theorem, noting that FM is closed with respect to the topology of ZYl(R). Finally, (a) is an easy 
consequence of (b), and (c) follows from standard elliptic theory. I 
REMARK 2.3. Near to the thermal equilibrium state (U - 0), i.e., for small applied bias voltages, 
the state of the device under consideration is still unique, which is physically reasonable. Note 
that our result extends the uniqueness result given in [5, Theorem 4.11, where uniqueness is 
established only for large scaled Planck constants E. 
3. NUMERICAL RESULTS 
In this section, we present numerical simulations of a resonant tunneling structure fabricated of 
GaAs. The device consists of a quantum well GaAs-layer sandwiched between two Al,Gai-,As- 
layers, each 5nm thick. This barrier is itself sandwiched between two spacer layers of GaAs 
(5 nm) and the whole channel lies in between the source and drain contact GaAs-layers of 25 nm 
thickness. We assume a barrier height of 0.2 eV. The channel is moderately doped with a doping 
density of 2 . 102r me3 while the drain and source are highly doped with 1O24 rnv3. The device is 
operated at 77K and we consider different values of the scaled relaxation time 7. Further, these 
device parameters correspond with the scaled constants s2 = 0.0161 and X2 = 8.16. 10W4. 
For the computations we discretized system (1.2) by finite differences on a uniform grid of 1000 
points. Then we employed the Gummel-type iteration of Section 2, where we solved the first step 
of the algorithm by a Newton-iteration. To stabilize the numerical scheme, a continuation method 
for the applied voltage was used; i.e., the voltage U is incremented in small steps starting from 
the equilibrium solution. 
Figure 1 shows the computed IVCs for decreasing values of r’. The IVCs exhibit a prominent 
region of negative differential resistance (NDR), which vanishes in the limit 7 -+ 0. This clearly 
underlines that the convective term enhances the effect of NDR. Nevertheless, NDR can also be 
observed in the QDD [2], such that convection is not responsible alone. Note that the algorithm 
fails to converge in the case r 2 = 10s3 for voltages larger than O.l2V, since very small densities 













2.5 - / / 
I 
E *- 
I -, __ . 
'_ ,, I 
5 ' .' \ ,' I 
, ' ! I 
1.5 - I * i I 
I , ; 1 
I * \' 
l- 
0.62 0.04 0.06 0.06 0.1 0.12 0.1; 0.16 0.13 0.2 
‘JWUM 
Figure 1. Current voltage characteristics. 
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Figure 2. Densities (U = 4mV). 
943 
occur. The electron densities at this terminal voltage can be found in Figure 2. In view of 
the analytical results in [5], one can already expect this behaviour, since existence of positive 
solutions can be only shown for small voltages U or small scaled relaxation times T. Corollary 3.2 
in [5] states a relation between the positivity of n and the W1200-regularity of F, saying that 
the larger the convective term becomes the smaller the electron density will be. This is exactly 
underlined by our numerical results. 
These are the first simulations which perform the zero relaxation time limit in the QEP giving 
a comparison with the QDD (T = 0). The numerical results suggest that a further analytical 
investigation of the limit 7 -+ 0 should be possible. 
Finally, maybe another analytical result in [9] helps to understand the occurrence of very small 
densities from the mathematical point of view. Therein, a so-called reduced quantum model is 
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derived from (1.2) for which the IVC ii sine-shaped and the electron density vanishes at a certain 
threshold voltage. If one compares the maximum of this analytical IVC with the one of the 
solid line in Figure 1, one realizes that it is located close to its analytical counterpart. Now, 
interpreting system (1.2) as a perturbation of this reduced model would give some explanation 
of the described behaviour. 
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